Introduction.
In Euclidean 3-dimensional space an isometric immersion is flat if and only if its second fundamental form operators are singular at each point. A similar result holds for hypersurfaces of Euclidean w-space, 7?". However the flat torus can be isometrically immersed in 7?4 in such a way that at any point, almost all of its second fundamental form operators are nonsingular.
In fact any compact immersion has this property. This can be seen from the results of [3] which show that the total curvature of such an immersion is always strictly positive while the total curvature is equal to the integral over the manifold of K* where K* at a point can be expressed as the integral of the absolute values of the determinants of the second fundamental form operators. We shall characterize the pointwise behavior of certain immersions with singular second fundamental form operators and from this result describe immersions having this property at every point; i.e. immersions of zero total curvature.
Let Md and Md+k denote C°° Riemannian manifolds and leti/-denote an isometric immersion from M into M. The index of relative nullity v, The Riemannian connection of Md+k induces a natural connection on N. The curvature form of this connection is called the relative curvature of \l>, [4] ; it is easy to show that a developable immersion between two manifolds of constant curvature has zero relative curvature at m if and only if all Tx commute for all x in Mm, cf. p. 203 of [4] . Finally x//: Md-+Rd+k is called n-cylindrical provided M and \p can be expressed as Riemannian products Md = Bd~"XRn and \j/ = \pX I where $ is an isometric immersion of Bd~n into Rd+k-n and 1 is the identity map of 7?". Let Md(C) denote a manifold of constant Riemannian curvature C. The fundamental result of [5] can be stated in the slightly more general form: If^i is an isometric immersion from a complete Md(C) into Md+k(C) then there exists a totally geodesic complete submanifold of M of dimension equal to the minimum value taken on by the function v. This submanifold is totally geodesic in M relative to \p. Similarly Theorem 3 of [7] states that under the above conditionsif C>0; the minimum value of the relative nullity is at least 1; and the relative curvature ofxp is zero, then tp is totally geodesic. Finally Theorem 1 of [7] states that if Md+k(C) =Rd+k and if v is constant on M then \p is a product immersion. This follows from the fact that an orthonormal basis x, y of Mm can be picked such that Tx = 0; this implies that all the difference operators at m will commute. The immersion of the flat torus in R4 as a product of two circles shows that the converse of Corollary 4 is false.
Corollary
5. An immersion of a complete M2(C) into M*(C) with all second fundamental form operators singular everywhere is totally geodesic whenever 00.
